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Machine-learned force fields

Use regression model to bypass explicit calculation of 𝐸𝑝𝑜𝑡

Descriptor based MLFF:

• Behler-Parinello (2007) and Bartók-Csányi (2010)
• Preprocess structure into symmetry compliant fingerprints
• Map onto energies and forces through ML model
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NeuralIL

Algorithmically differentiable JAX-based neural-network force field

- Just-in-time compilation of Python
functions
- Automatic differentiation
-Multiple CPU/GPU/TPU cores

- Swish activation function
- Element-specific-spherical-Bessel
fingerprints

Montes-Campos, Carrete, Bichelmaier, Varela, Madsen, J. Chem. Inf. Model 62 (2022) p88
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Spherical Bessel descriptors

Project weighted local density

𝜌𝑖(𝒓) = ∑𝑤𝑖𝐽𝛿(𝒓 − 𝑹𝑖𝑗)

onto orthonormal basis functions

𝐵𝑛𝑙𝑚 = 𝑔𝑛−𝑙,𝑙(𝑟)𝑌𝑚𝑙 (𝜃, 𝜑)

and calculate the power spectrum.

Optimize Completeness

Kocer, Mason, Erturk AIP Adv. 10 (2021) 015021 6



Training. 15 ionic pairs of ethylammonium nitrate

Project local density of each chemical species

𝜌𝑖𝐽(𝒓) = ∑𝛿(𝒓 − 𝑹𝑖𝑗)

onto orthonormal basis functions

𝐵𝑛𝑙𝑚 = 𝑔𝑛−𝑙,𝑙(𝑟)𝑌𝑚𝑙 (𝜃, 𝜑)

Model MAE 𝐸pot MAE 𝑓
(meV/atom) meV/Å

ZWeights 16.9 171
NeuralIL 1.9 65
NeuralIL+CENT 1.9 61 15 10 5 0 5 10 15
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Training:
RMSE = 0.107 eV Å 1

MAE = 0.0674 eV Å 1

Montes-Campos, Carrete, Bichelmaier, Varela, Madsen, J. Chem. Inf. Model 62 (2022) p88
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Transferability

Swish activation function

𝑠𝛽(𝑥) =
𝑥

1 + exp(−𝛽𝑥)
Ramachandran, Zoph, Le arXiv 1710.05941 4 2 0 2 4

Sum of inputs + bias
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Diffusion coefficients

10−11 m2/s Exp OPLS NeuralIL
𝐷anion 6.9 0.13 8.7
𝐷cation 4.6 0.07 8.2

Montes-Campos, Carrete, Bichelmaier, Varela, Madsen, J. Chem. Inf. Model 62 (2022) p88 8
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Canonical ensemble

Partition function
𝑍(𝑁, 𝑉, 𝑇) ∝ ∑exp(

−𝐸𝑝𝑜𝑡
𝑘𝐵𝑇

)

ClBr +-
-

Br Cl+
-

Br Cl
203⋅6 = 2.6 ⋅ 1023
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Hafnia

• Gate dielectrics semiconductor devices
• Control rods in nuclear reactors
• Ferroelectricity
• Surprisingly poor understanding of phase diagram 11
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Effective harmonic potentials

𝐹harm[{a𝑖}, 𝑇] = ∑
𝑛q
(
ℏ𝜔𝑛q
2 + 𝑘𝐵𝑇 ln [1 − 𝑒

− ℏ𝜔𝑛q
𝑘𝐵𝑇 ])

Determine the best harmonic approximation for the part of the potential energy
surface which dominates nuclear motion at given conditions (Hooton, 1955)

Variational formulation

𝐹[𝑈̂, 𝜌̂0] ≤ ℱEHP = 𝐹[𝒰̂, 𝜌̂]⏟
𝐹harm

+ Tr[𝜌̂(𝑈̂ − 𝒰̂)]⏟
𝐹corr

𝐹corr[{a𝑖}, 𝑇] = ∫𝜌(𝐸𝑝𝑜𝑡 − 𝐸𝐻𝐴)d𝑹

Errea, Calandra, Mauri Phys. Rev. Lett. 111 (2013) 177002 FD pot.

Eff. pot.

PES

Displacements

HfO2
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HfO2: Effective harmonic potential with machine-learned force field
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Bichelmaier, Carrete, Madsen Phys. Rev. B 107 (2023) p184111
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HfO2 Thermal expansion
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• Approx. 3 ⋅ 106 structures evaluated
• Excellent agreement of temperature dependence of lattice constants
• Not for cubic phases

Bichelmaier, Carrete, Madsen Phys. Rev. B 107 (2023) p184111
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HfO2 Free energies
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• Phase transition 𝑃21𝑐 − 𝑃42𝑛𝑚𝑐
• Cubic phases not stable

• Few experiments with internal disagreement
• Presence of oxygen vacancies ?
• Multiple results suggest that no stoichiometric cubic phase exits in ZrO2

Bichelmaier, Carrete, Madsen Phys. Rev. B 107 (2023) p184111 16
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SrTiO3(110) surface phase diagram

Riva et al., Phys. Rev. Mater. 3 (2019) 043802

Enterkin et al., Nat. Mater. 9 (2010) 245
see also Wang et. al. Phys. Rev. B 90 (2014) 035436 18



The Covariance Matrix Adaptation - Evolution Strategy

• ESs commonly employed for continuous-parameter optimisation
• Employ lower variety of genetic operators than GA
• Endogenous parameters define the genotype distribution and are
adapted during evolution GitHub: Clinamen2

CMA-ES

• Population drawn from multi-dimensional
normal distribution

x(𝑔)𝑘 ∼ 𝒩 (m(𝑔), (𝜎(𝑔))2C(𝑔))

• Transferable hyperparameters
• Problem-dependent parameters: 𝜎(0), m(0)

g=0

N. Hansen, arXiv:1604.00772
Arrigoni et al. npj Comput. Mater. 7 (2021) 71
Wanzenböck et al. Comput. Phys. Commun. 297 (2024) 109065
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Surface reconstructions with CMA-ES
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• Adapt CMA-ES to surface reconstructions
• 42 atoms→ 126 dof (4 × 1)
• DFT backend reproduces 6-10 overlayer from literature

Wanzenböck et al. Digital Discovery, 1 (2022) p703
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Training NNFF on CMA-ES trajectory

• Good agreement with DFT over large range of energies/forces
• Diverse set of training structures with net atomic charges covering known titanium
oxidation states.

Wanzenböck et al. Digital Discovery, 1 (2022) p703 21



Sets of CMA-ES runs with NNFF backend
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• Set of 50 runs. Same founder; Different random seeds
• 4 × 1: 𝑃2 structure energetically comparable to 𝑃𝑚 structure
• 4 × 1 training data.

Wanzenböck et al. Digital Discovery, 1 (2022) p703
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STO(110) 4 × 1 - STM
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Wanzenböck et al., Digit. Discov. 1 (2022) 703
1 Expirimental: Wang et al., Nano Lett. 16 (2016) 4
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PCA fingerprints.

Similarity: The projection of the local atomic environments of the low energy 5 × 1
structures fall within the area covered by the projection of the 4 × 1 training data.
Wanzenböck et al. Digital Discovery, 1 (2022) p703 25



STO(110) 2 × 𝑚

Wang et al. Nano Lett. 16 (2016) 4
Riva et al., Phys. Rev. Mater. 3 (2019) 043802
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Active learning with neuralIL

Uncertainty estimation
• Deep ensembles
• Committees

Ncommittee

Versatile Learned Optimization

100 101 102 103

Epoch number

60
 
 
 

100

200

300

400

Fo
rc

e 
M

AE
 / 

m
eV

Å
1

MLP + ADAM + OneCycleLR
ResNet + VeLO (21 epochs)
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ResNet + ADAM + OneCycleLR

Optimize adversarial loss
(Koda-Bombarelli)

ℒ = 𝜎2f exp ( −
𝐸pot
𝑘B𝑇

)

Carrete et al. J. Chem. Phys. 158, 204801 (2023)
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STO(110) 2 × 𝑚: MLFF driven EA

2  5b

2  5c

• 158 atoms: 474 DOF
• Identify several local minima
• New structure in agreement with published STM 28
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Skilling’s nested sampling

Ashton et al Nature Rev. Methods Primers 2 (2022) 39 Pártay et al Eur. Phys. J. B 94 (2021) 159
30



Silicon. The NNFF
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• Structures taken from database of Bartók-Csányi and recalculated with PBE and r2SCAN
• r2SCAN results in increase in energy differences

Unglert, Carrete, Pártay, Madsen. Phys. Rev. Mater. 7, (2023) 123804
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Silicon. The phase diagram
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Unglert, Carrete, Pártay, Madsen. Phys. Rev. Mater. 7, (2023) 123804
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Silicon. The nested sampling walkers

• Highly diverse training set is essential
Unglert, Carrete, Pártay, Madsen. Phys. Rev. Mater. 7, (2023) 123804 33



Silicon. The basins
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Unglert, Carrete, Pártay, Madsen. Phys. Rev. Mater. 7, (2023) 123804
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