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Qutline

®Berry phase

-Geometrical phase

-Berry/Zak’s phase
®Modern theory of polarization

-Polarization of crystalline materials

-=Spontaneous polarization and Born effective charges
® Topology in band theory

- [opology

- [opological invariants

-Geometry of the reciprocal space

-Berry phase, curvature and connection.
® Topological materials: types and characterization (WIEN2k & BerryPl)
-Bulk boundary correspondence principle
-=Chern Insulators: CherN.py(FeBr3 monolayer)
=Berry curvature maps: CherN.py(MoS; monolayer)
-/, topological insulators: wcc.py(BixSes)

-Characterization of Weyl semimetals:WloopPHI(TaAs)
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Geometrical (Patcharatnam) phase
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Source: “Topological matter, Chapter 3”
by D. Gresch and A. Soluyanov
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Geometrical (Patcharatnam) phase in QM: discrete formulation

_~ Vector space Hilbert space (k)

H(k) [y(k)) = E(k) |w(k))

== -
.....
~~~~~~
o’ D
* N

Considering only ground
eigenstates at different k
(Adiabatic evolution)

|y, (k)) € Hilbert Space(k) —

k parameter space . .y
€
<W(k1) l//(k2)> €lativE phasc differcnce

Vector € Vi Geometrical e 1A = ~ Ap, = —Im 111<l/f(k1) | l/f(kz»

phase | Qwky) [wi(ky)) |

No physical meaning as a gauge transformation of the form:

[ w(ky)) = e | y(ky)) [w(k))) = e |yi(k)))

Leads to a change

Source: “Topological matter, Chapter 3”
by D. Gresch and A. Soluyanov

A@i, = Ay + (0@ — 0¢,)
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Geometrical (Patcharatnam) phase in QM: discrete formulation

But, what if we take a closed sequence of inner products or loop /

| yw(ky))

| l//(k3)>

| yw(k,))

k parameter space

|w(k))) = [wiky))

Vector € Vi Geometrical
phase | wiky_1))

The total phase difference is given by

Yy =A@+ A@ys+ A@sy+ ..o+ AQv_y

y = = — ImIn{y(k)) | w(ky) ) {w(ky) | w(k3))w(ks) |wiky)) ... Qwlky_p) lw(ky=1))
Source: “Topological matter, Chapter 3”
DB anen S Nl Which is a gauge invariant quantity as the
y==—Imn[ [ (wk) lwik,)) 578 qHAnHEY 2
e gauge-arbitrary phases cancel in pairs.
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Berry/Zak’s phase: continuum formulation

In the continuum formulation given k a real variable

(k) |yik + dk)) = (pk) | dp(k))dk

We can define

Berry potential:
A(k) = — iy (k) | 0, w(k))

Berry curvature:

Q(k) = V, x A(k)

Berry phase is given as closed line integral of the Berry
potential in k parameter space and equivalently as a flux of
the Berry curvature through a surface S (Stokes’ theorem)

Vo = <J§ Ak) - dk = ﬂ Q(k) - dS
0S S

Berry curvature is

. —
Berry, Proc. R. Soc. London A 392, 45 (1984) also gauge invariant!

Zak, Phys. Rev. Lett. 62, 2747 (1989)

For electrons in a crystal, the Bloch theorem states
p () = u M (r)e’™ u(r + R) = u"(r)

Cell periodic: well behaved

y(r) = ey (r)

AN

() = e Rur)

lzlp + V(r)

[L(p + 7K)? + V(r)
2m

Mapping from k independent Hamiltonian to H(k)
with K-independent boundary conditions (uli’”‘) belong

to the same Hilbert space).

}’gg) = ﬂg U | Vil ) - dK = ﬂ Q(K) - dS
oS S

Is there any application?
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Modern theory of polarization: pioneered by King-Smith, David VanderE
Polarization: Fundamental quantity essential to the electronic response of the system.

Some related properties: Piezo- and Ferroelectricity Dielectric screening

E
o

For the case of a collection of charges in the ionic limit or charge densities n(r) the dipole moment:

d = Z qir; d= [en(r)r dr

Well defined provided there is no net charge.
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Modern theory of polarization

Now, for a solid we want to convert this idea to a bulk property: dipole moment per unit volume.

< »
+ : < + . - ; + . : + e > X
> <
P p

Spaldin, N.A. Solid State Chemistry, 195,2-10, (2012).

Problem: No existence of a proper microscopic theoretical description of polarization in crystals, the charge
distribution is periodic in space and this leads to the dipole operator to not be well defined.

Reason: The polarization of a periodic system is a lattice rather than a vector, it is a multivalued quantity property
which is a natural consequence of the periodicity in a bulk solid.

Consequence: Obtaining different values depending on the choice of the unit cell
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Modern theory of polarization

Solution: Only the change in polarization has physical meaning! AP =PWY —pO

AP

. am
N/ on
o R
* ]
** * .
. & .
R4 * .
o O H
asssmssmssssssnsssanannanannnngy® H
. . :
- = .
. . -
.
H . .0‘
-

Astrain

Supported by the experimental fact that measurements of absolute polarization of a crystal have never been measurec
as a bulk property.

Well known properties are derivative of the polarization with respect to suitable perturbations.
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Modern theory of polarization

The change in polarization is singled valued provided we stick with the same choice of unit cell and basis throughout
the analysis and can be quantified by employing the Berry phase of the electronic wavefunction

AP =PV — PO

Components of total microscopic polarization

P = Pionic T Pelectronic
o atoms / \ bands
_ ' et | et

| Pionic — 5 Z Z;onrs Pelectmnic = {2 Jdl’ rp (l‘) = €2 Z <l//n ‘ r ‘ Wn>

jon

S S n

r — ka (position operator in k-space)
oF bands /
0 Pelectronic — = ) )3 Z J dkl(unk‘ Vk ‘ unk)
(27) . JBZ

Berry phase

King-Smith and David Vanderbilt, Phys. Rev. B 47, 1651 (1993)
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http://publish.aps.org/search/field/author/R.%20D.%20King-Smith
http://publish.aps.org/search/field/author/David%20Vanderbilt

Polarization: BerryPI

The Berry phase is compted for individual k-paths parallel to an axis in the
Brillouin zone and the average for all paths is taken.

These strings are equivalent to a closed loop due to the Born—von Karman
z boundary conditions.

X
} An electric field causes linear variation in K. A closed path is achieved when k
sweeps the whole Brillouin Zone. (Other way to induce loops in parameter space
is through magnetic-induced cyclotron Orbits )

Spontaneous polarization: PS — Pnc — Pc Born effective charge
g () AP,
Requires 2 structures
Non-centrosymmetric Centrosymmetric
A A
A g0 7 0/ ¢ 7 Amount of charge that
L///J:'*\L . Jr . cont.rib.utes t.o the
¢ | o o | @] polarization during the
PV o Vs displacement of the

lons

X A
Characteristic of ferroelectric materials
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Topology

Topology is the study of the properties of geometrical objects that remain invariant as the object is continuously

deformed.

Torus to mug morphing
animation, by Lucas
Vieira, License: Public
Domain

Topological Invariant:
* Allows the classification of objects in discrete classes

* Integer quantity that cannot be changed without changing the whole topological class.

* Encodes information about the global structure of the object/space

* Can not vary in a continuous fashion, which points to potential great stability of a property.
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Topological materials: what is topological about them?

The relevant topology is not related to the shape in real space nor reciprocal space!

Hilbert space (k)

PN

{ )} e occupied Vector (Groundstate)

...
1 Say
Sa
L3

l Span =

S (O V k

Hilbert space

k-parameter space = Brillouin Zone

The topology is defined by the way the eigenvectors change as a function of k in the Brillouin zone.

P ky or A k or A
From the boundary conditions: e > v'\
the BZ is a closed space. I 2D BZ is a T2
K,
=
-/ / 5
e me AZ I(x
- \/
_'/kx Source: “Electronic structure: Basic

theory and practical methods., Chapter
25.4” by Martin, R. M.
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Topological materials: Classification

e Vacuum is topologically trivial (C = 0)
Topological Insulator
* Bulk boundary correspondence principle: gapped bulk and conductive surface/edge

C=A C+#+A states.

\/ \/ * Topologically protected: as long as the gap remains open, surface states exist.
* Topology is global property of the bulk electronic structure with measurable
effects on the interface.
/\ /\ * Potential application in quantum computing

Surface/Edge

Berry curvature, when cannot be neglected? (k) = V, X A(k)

TRS invariant: (—K) = — Q(K)
(Magnetic fields breaks TRS)

Both present - Q = () , , ,
An important contributor to topological

P-symmetric:  Q(—K) = Q(Kk) phenomena is the spin-orbit interaction.
(Spatial inversion symmetry)
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Chern Insulator/ Quantum anomalous Hall phase

It is regarded as the basic tological insulator from which other topological states are derived.
Physical consequence

Characteristics:
* 2D system
*Magnetic: Time Reversal Symmetry spontaneously broken ¢=0
. KA IGAA T
*Insulating
C=1
*High SOC (band inversion)

Conduction Band

Valence Band
|

—m/a

0 k -m/a

Spin filtered
conductive edge
states(number
of crossing

states = A(C)

Modified from: Hasan, M. Z., & Kane, C. L. (2010). Rev Mod Phys, 82(4)

Topological Invariant: Chern Number

occ. Characterization

Brillouin zone

1 OCC.
C=— QU(K) - dS = —
2 Lz (k) - Z /oBZ

string Y
(k,, 0..1) \&O
Linked to the Quantum anomalous Hall conductivity
e | 3 "
oanc = C o | L.
1.0 : kx
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Chern Insulator: 2D-FeBr3 (CherN.py)

(()Cg) NO-SOC (d) SOC (e) - . 10
03
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: \/Xé\ I~ g e 100 2
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Evolution of the Berry phase

Chern number:

Berry Curvature

(uV | 0H /akalu(”))(u(”)lﬁfl 10k, | u®)
Q, (k) = -2 Im Z k k k /\Uxg k! Okp | Uy

nFocc (61((0) - 61((n))2

C = (27:)_1H QK)-dS=-1 Y
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Berry curvature map: 2D-MoS; (CherN.py)

O
| | O
(e) 1.0, ’ 0
:'\ /I\ N — 06 T )‘ :
M K - S 4
Chern number: 0'2
Honeycomb lattice It is not 1
with different sites magnetic, hence _ 0.0
= e C=02n"|| Q&) -dS=0
breaks the spatial invariant under R7 AF. Gomez-Bastidas, O
. Rubel,292,2023,108864,10.1016/
inversion symmetry TRS Used to obtain a j.cpc.2023.108864.

global property
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Berry curvature map workflow (CherN.py)

|) Construct a structure file
2) Perform SCF-SOC calculation

To calculate the Berry curvature map on the z=0 plane of the BZ.

3) Edit and run CherN.py script dir 2

. grep “NOFE’ case.scf

bands = [1,26] ~
n | =6 #discretization in dir_|
n 2 =6 #discretization in dir_2

plane_dir = 3 # direction normal to the plane

.0 dir |
* —

plane_height = 0.0 # value of the constant plane pI;ne_dir

boundary = [0, 1.0,0, |1.0] #boundary selection blane_height = 0

spinpolar = False # spin polarized
orbital = False # additional orbital potential
parallel = False # parallel calculation

The total Chern number is: 0.0

5x5
pdf, .csv, .png

Tutorial
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Kane-Mele-Fu Z2 insulator

* Time Reversal Symmetry is conserved TRIM are a consequence Physical consequence
(b) ,
(2) ke = O plane of Kramers’s theorem N T r—
_ Conventional _
oD ,\kJ — k1(0'1) R : Insulator v=0
k - (a) _{0)
string J-T . | > -
string « x
keqr, O...1 \ - TRIM T
(ke ) (O, kz3, 0..1) \O 4 Quantum spin N
) {I_ _':‘ ! Hall insulator V=1 Valence Band
: : : : —t/a 0 K —m/a
b K, IR il il Bl Hasan, M. Z., & Kane, C. L. (2010). Rev Mod Phys, 82(4)
| ~ | | .
ZZ > (1,0 bs, . |LoT T Conductive edge states but no net
[ 1 2 ® & .«
2D [ 3D A.F. Gomez-Bastidas, O. Ha” COndUCtIVIt)’
b Q, Rubel,292,2023,108864,10.1016/
b j.cpc.2023.108864.
* Characterization through the evolution of the hybrid Wannier charge centers. Topological Invariant
. — R / / /
(a) (mm7) () (mm7) () (7,7, 7) Zz index = (1/0, ViU-lU 3) tells us
a v V3 on which face to expect edge
X, =—Y, v, V! . states.
271' K2
(7,7,0) Vs (,7,0) V3 (7,7,0) K,
Soluyanov,A.A.;Vanderbilt, D. Phys. Rev. B
(01010) (JFIOIO) (01010) (JTIOIO) (01010) (JTIOIO) 20' I, 83 (23)
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Kane-Mele-Fu Z2 insulator: BirSe3

jl . o .
TR Evolution of hybrid Wannier charge centers
Se '
~~ :! (o)
-4 k., = k.= 0.5
t‘ o e X X
N b}}”- . 1 teespprastoorrteesoes 1
8 . L 0000000sssssssaattll
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. . T 5 $ 0.8 0.8 -
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el s rsEEIIEET S S
o ‘."‘. ' © g 0.6 S 0.6 -
s .f. 9 -g’ ,;
a5 oll 9. §0.4 . “ oo §0.4 _
‘.’—___ :g 0.2 E 0.2 7
I : =~ S
dq a % o ‘;i f ) I:::w
(c) O 01 02 03 04 0.5 O 01 02 03 04 05

/N

1.0 4 /\ one Crossing’ thus no crossings, thus
F Information beyond v, = 1 v, =0

tr the electronic band-

/\>
% % structure? V=V +V =V, +1, =13+ 1; mod 2

Energy (eV)
O
O
|
|
|
|

@)
|

il

N
/é Z, index = (1; 000)
™ A
L X Tz Strong topological insulator: all faces present conductive states
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Hybrid Wannier charge centers workflow (wcc.py)

|) Construct a structure file

2) Perform SCF-SOC calculation

To calculate the HWCC.:
3) Edit and run wcc.py script

kevoldir = 2
kevol = [0, 0.5] # start and end fraction of bz in this case from Gamma to L

# by (Wilson loops are constructed perpendicularly)

nkevol = 20
kwlsndir = 3
nkwlsn = |0

kfix = 0.0
bands = [61, 78] # select an isolated group

# discretization intervals (Number of lines constructed)
# b3 (Hybrid Wannier centers calculation direction)

# discretization intervals (Points along the line)

# in fraction of reciprocal lattice vectors (bi)

parallel = True

spinpolar = False #
orbital = False

4) wcc.csv file

A. Gomez (McMaster University)
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(a)
A
50 — N +1
,_%) Berry
/ curvature
—>»
Er [---- c - -
-WP
— band index
N
>
Wave vector k
(d) Positive (e)
direction of 0.4
Berry flux
/4 5 0.2
ko = ki X
A/_ < 0.0
< Q
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kz é) _02
| kj -0.4
Ky
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(b)

Closed

%surface (S)
"
*'§ Weyl node

Berry curvature
vector field

Location of the Weyl node

i ¥ _

|1 I I
Wrapped
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&

&
?
o
[
o

I O I I

]

0.8 06 04 0.2 0
Wilson loop trajectory k. /c*
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Topological materials:VWeyl semimetals, VWWeyl fermion chirality (VWlooPF

(c)

K
Surface (§")
— Wilson loop (L)
Loop
displacement Weyl node

Loop trajectory

>»
K
Ky
(f)
1.0 | | [ RS
Unwrapped oé‘c.ccccc@“ A
0.8 | d -
= o
S I
§ 0.6 O? Weyl monopole |
= éa’ “charge” or
- 0.4 $ chirality (x) |
2 S
0.2 F § -
<&
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Wilson loop trajectory k. /c*




Topological materials: VWWeyl semimetals

TaAs Results
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Summary

= The accumulation of Berry phase is a phenomena with physical consequences. It is needed to explain the
polarization in solids and as an addition to the band-theory of solids.

= Insulators can be classified based on the topology of their electronic bandstructure, which leads to the
prediction of conductive states at the interface of topological phases.

= |t is possible to employ WIEN2k+BerryPI for:
. Polarization
e  Chern Insulators: CherN.py
. Berry curvature maps
e /Z, topological insulators

e  Characterization of Weyl semimetals
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Thank you!




