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Overview

The Boltzmann transport equations
BoltzTraP (Smoothed Fourier band interpolation)
BoltzTraP2. A modern tool for modern workflows

Algorithm
Including the momentum matrix elements
Command-line Interface: LiZnSb
Library: The parabolic band model

Applications:
Volumetric band alignment
p-doped half-Heusler Compounds
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Distribution function

Dilute gas of quasi particle described by the distribution
function

f (r,p, t) = f (r− ∂r
∂t

dt ,p− ∂p
∂t

dt , t − dt) +

(
∂f
∂t

)
scatt

dt
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The Boltzmann equation

The steady state distribution f is constant in time(
∂f
∂t

)
diff

+

(
∂f
∂t

)
field

+

(
∂f
∂t

)
scatt

= 0

Assumption:
k should be a good quantum number. i.e. wavelength of
electron small compared to mean free path. kFλ� 1.
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Boltzmann Equation

(
∂f
∂t

)
diff

+

(
∂f
∂t

)
field

+

(
∂f
∂t

)
scatt

= 0

Diffusion:(
∂f
∂t

)
diff

=
∂f
∂T
∇T v

Th Tc

x

+ -
E

e-

Field:(
∂f
∂t

)
field

= −∂f
∂ε

vqE

v
(
−∂f
∂ε

)(
−ε− µ

T
∇T + qE

)
= −

(
∂f
∂t

)
scatt
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Relaxation time approximation

Phenomological assumption: Exponential decay of deviation
from equilibrium with τ as the relaxation time.(

∂f
∂t

)
scatt

= − f − f (0)

τ

thereby

je =
∑

n

∫
qvnkvnkτnk

(
−∂fk
∂ε

)(
−ε− µ

T
∇T + qE

)
dk

8π3

jQ =
∑

n

∫
(ε− µ)vnkvnkτnkτk

(
−∂fk
∂ε

)(
−ε− µ

T
∇T + qE

)
dk

8π3
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The transport distribution

Introduce the transport distribution

σ(ε) =
∑

n

∫
vnkvnkτnkδ(ε− εnk)

dk
8π3

The generalized transport coefficients are
moments of the transport distribution

L(α)(T , µ) = q2
∫
σ(ε)(ε− µ)α

(
−∂f
∂ε

)
dε

je = L(0)E +
L(1)

qT
(−∇T )

jQ =
L(1)

q
E +

L(2)

q2T
(−∇T )

−(ε− µ)α
∂f
∂ε
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= 0
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Phenomenological transport coefficients

Identify two kinds of experimental situations
∇T = 0:

je = L(0)E ⇒ σ = L(0)

jQ =
L(1)

q
E =

L(1)

qL(0)
je ⇒ Π =

L(1)

qL(0)

je = 0:

L(0)E =
L(1)

qT
∇T ⇒ S =

1
qT
L(1)

L(0)

jq =
1

q2T

((L(1))2

L(0)
− L(2)

)
∇T ⇒ κe =

1
q2T

((L(1))2

L0 − L(2)
)
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Homogeneous electron gas. DOS

ε(k) = εCBM +
~2k2

2m∗
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Carriers in parabollic band
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µe around band edge
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Wave packet velocity

Velocity of a wave packet: vnk = 1
~
∂εnk
∂k
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Shankland-Pickett algorithm
Constrained optimization procedure: Minimize roughness
function with respect to the Fourier coefficients while exactly
reproducing calculated eigenvalues.

ε̃k =
∑

Λ

cΛ

∑
R∈Λ

exp(ik · R)

Minimize the Lagrangian

I =
1
2

∑
cΛρΛ +

∑
k

λk

(
εk − ε̃k

)
Euwema, Shankland et al, Phys. Rev. 178 (1969) 1419–1423
Shankland, Int. J. Quantum Chem. 5 (1971) 497–500.

Roughness function

ρ =
(
ε̃k − ε0 + C1∇2

kε̃
)2

Pickett et al. Phys. Rev. B 38 (1988) 2721–2726.
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Transport distribution. CoSb3

Transport distribution

σ(ε) =
1
3

∑
n

∫
vnkvnkτnkδ(ε− εnk)

dk
8π3
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Automated search for new thermoelectrics

2k
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Structure
BaZn2Sb2
CaZn2Sb2

LiZnSb
ZnSb

BaZn2Sb2 (b)

n-type p-type

BoltzTrap:
All crystal structures
Full tensors quantities
Numerically efficient and stable

GKHM JACS 128 p12140 (2006)
GKHM, Singh, Comput. Phys. Commun. 175, p67 (2006)
Bjerg, GKHM, Iversen, Chem. Mat. 23 p3907 (2011)
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BoltzTraP2: A modern tool for modern workflows

Design goals:
All useful features from
BoltzTraP
Easy installation, portability
pip install BoltzTraP2

Command-line interface
(no config files)

Speed:
New algoritmes
Modularity, flexibility
Readable code
Standard formats

Two use cases:
1 I want to estimate the Onsager thermoelectric coefficients

from my DFT results
⇒ BoltzTraP2 as a standalone tool

2 I need interpolated bands as inputs to my own algorithm
⇒ BoltzTraP2 as a Python module
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BoltzTraP2 interpolation

Minimize roughness function with respect to the Fourier
coefficients while exactly reproducing calculated eigenvalues
and derivatives

I =
1
2

∑
cΛρΛ +

∑
k

λk

(
εk − ε̃k

)
+
∑

k

λ′k

(
∇εk −∇kε̃

)

Combine advantage of BoltzTraP (analytic bands) and
Scheidemantel-Sofo approach (exact derivatives at
calculated points)
Potentially coarser k -mesh
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Example: Silicon band structure

X1.5
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V]

CBM made up by degerate pocket along six-fold degenrate
Γ− X line
Interpolated bands based on a coarse 9× 9× 9 k -point
mesh
Modified Lagrangian forces the fit to reproduce the exact
derivatives at the calculated points.
Position and derivatives at the pocket are well reproduced
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Example: Silicon transport

203556 84 120 165 220 286 364 455
#kpts IBZ
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2 )

 s]

Seebeck coefficient and thermoelectric power factor
calculated at a chemical potential close to the CBM using
the CRTA
The results obtained by the modified Lagragian show both
a faster and more systematic convergence towards the
converged values
Convergence reached at about half the number of k -points
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The BoltzTraP2 command-line workflow

(optional)

Interpolation

Interpolated
bands
(JSON)

Integration

btp2
command-line

interfacegrid density,
energies...

doping / Fermi level,
T,         ...

BoltzTraP-
compatible
text files

Command-line
parameters

Plots

DFT software
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Command Line Interface
cp -r /area51/opt/boltztrap2/data/CoSb3 .
cd CoSb3
Fit the calculated eigenvalues in a window ±0.2 Ha around the
Fermi level. The interpolated k -mesh should be five times as
dense as the original:
btp2 interpolate . -m 5 -o CoSb3.bt2
Integrate to get the transport properties
btp2 -vv integrate -b 1000 -t0 -T"300,500,100"
CoSb3.bt2
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BoltzTraP2. Four steps to transport coefficients
1. Fit coefficients

ε̃k =
∑

Λ

cΛ

∑
R∈Λ

exp(ik · R)

2. Project transport distribution

σ(ε) =
∑

n

∫
vnkvnkτnkδ(ε− εnk)

dk
8π3

3. Integrate to obtain transport coefficients

L(α)(T , µ) = q2
∫
σ(ε)(ε− µ)α

(
−∂f
∂ε

)
dε

4. Convert to phenomenological transport coefficents (SI units)

σ = L(0) , S =
1

qT
L(1)

L(0)
, κe =

1
q2T

((L(1))2

L(0)
− L(2)

)
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Some highlights of BoltzTraP2
Flexibility

Usable as a
Python module
Extensible
scattering
models
Automatic
detection of
space group

Portability
Standard
Python setup
toolchain
Detection of
compilers and
libraries
Adherence to
C++11

Speed
Highly
vectorized
Python
Symmetry
module in C++
fftw

Documentation
Fully
documented
code
Several tutorials
Accompanying
article

Sensible defaults
Input source
Grid density
Number of bins
in DOS
(Freedman
Diaconis)

Standard formats
JSON: Human
readable &
parsers for
every language
Final output as
text
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Volumetric Band Alignment

V1 Vopt V2

VBM

Zaitsev et al. PRB 74 p045207 (2006)

Optimize power factor by alignment of band edges

S2σ =
1

q2T 2

(
L(1) + L(1)

)2

L(0) + L(0)
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Mg2SixSn1−x

1. Band structure
Calculate volume depen-
dence of S and σ/τ

2. Thermodynamics
Calculate mixing enthalpy
(SQS)

Bhattacharya, GKHM Phys. Rev. B 92, p085205 (2015)
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Phasediagram: Mg2Sn-Si

∆Emix(x ; ABn,ACn) = ∆Ef (ABn−xCx )

− x∆Ef (ACn) + (n − x)∆Ef (ABn)

n

∆Gmix(x) = ∆Emix(x) +
RT

n + 1
[
x ln x + (1− x) ln(1− x)

]

Jung et al CALPHAD 31 p192 (2007) Bhattacharya, GKHM Phys. Rev. B 92, p085205 (2015)
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VBA screening
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Alloy Thermodynamics

Compound ∆Eh [∆ESn
h ] Vopt xalloy ∆Emix(0.25) x

(meV/atom) (%) (kJ/mol) (800 K)
Mg2Si1−xSnx 0[0] 2.0 0.09 1.997 0.171
Ca2Si1−xSnx 0[0] 5.0 0.30 0.013 all
Ca9Ge5−xSnx 37.4[17.9] 6.1 0.28 4.495 0.019
β−MoSi2−xSnx 27.3[180.8] 3.0 0.07 30.980 0.008
o-Fe2Ge3−xSnx 0.1[22.5] 3.0 0.10 32.746 0.004

Bhattacharya, GKHM Phys. Rev. B 92, p085205 (2015)
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Screening. Band structure, abundance and stability.

75 18

zT0 > 1.3 & ΔEhull=0 & 
Horth<HHH

(ΔP   0-)
AFLOWlib

Bandstructure
& Abundance

EA>0.1 ppm
Defects 
scanning

Stability 

(Zr/Hf)CoSb
(Nb/Ta)CoSn
(V/Nb/Ta)FeSb

79,000

HfCoSb
ZrCoSb

TaFeSb

V/NbFeSb

NbCoSn
TaCoSnTiNiSn

NaSrSb

Zr/HfNiSn

ZrNiPb

TaRhSn
TaIrSn

NbCoSi

NbFeAs

V/TaCoGe
TiNiGe

Zr/HfNiGe

Compound ∆Ehull orth
meV/atom phase

TaFeAs 33.03 yes
TaFeSb 0.00 no
NbFeAs 125.81 yes
NbFeSb 0.00 no
VFeSb 0.00 no
ZrCoAs 0.00 yes
ZrCoSb 0.00 no
WFeGe 64.34 no
NbCoGe 0.00 yes
HfCoAs 0.00 yes
TaCoSn 0.00 no
VCoSn 90.77 no
TiCoAs 0.00 yes
NbCoSn 0.00 no
TaCoGe 0.00 yes
VCoGe 0.00 yes
TaCoSi 91.47 yes
HfCoSb 0.00 no

Bhattacharya, GKHM J. Mater. Chem. C, 4, p11261 (2016)

30 / 36



Screening. Band structure, abundance and stability.

75 18

zT0 > 1.3 & ΔEhull=0 & 
Horth<HHH

(ΔP   0-)
AFLOWlib

Bandstructure
& Abundance

EA>0.1 ppm
Defects 
scanning

Stability 

(Zr/Hf)CoSb
(Nb/Ta)CoSn
(V/Nb/Ta)FeSb

79,000

HfCoSb
ZrCoSb

TaFeSb

V/NbFeSb

NbCoSn
TaCoSnTiNiSn

NaSrSb

Zr/HfNiSn

ZrNiPb

TaRhSn
TaIrSn

NbCoSi

NbFeAs

V/TaCoGe
TiNiGe

Zr/HfNiGe

Compound ∆Ehull orth
meV/atom phase

TaFeAs 33.03 yes
TaFeSb 0.00 no
NbFeAs 125.81 yes
NbFeSb 0.00 no
VFeSb 0.00 no
ZrCoAs 0.00 yes
ZrCoSb 0.00 no
WFeGe 64.34 no
NbCoGe 0.00 yes
HfCoAs 0.00 yes
TaCoSn 0.00 no
VCoSn 90.77 no
TiCoAs 0.00 yes
NbCoSn 0.00 no
TaCoGe 0.00 yes
VCoGe 0.00 yes
TaCoSi 91.47 yes
HfCoSb 0.00 no

Bhattacharya, GKHM J. Mater. Chem. C, 4, p11261 (2016)

30 / 36



Screening. Band structure, abundance and stability.

75 18

zT0 > 1.3 & ΔEhull=0 & 
Horth<HHH

(ΔP   0-)
AFLOWlib

Bandstructure
& Abundance

EA>0.1 ppm
Defects 
scanning

Stability 

(Zr/Hf)CoSb
(Nb/Ta)CoSn
(V/Nb/Ta)FeSb

79,000

HfCoSb
ZrCoSb

TaFeSb

V/NbFeSb

NbCoSn
TaCoSnTiNiSn

NaSrSb

Zr/HfNiSn

ZrNiPb

TaRhSn
TaIrSn

NbCoSi

NbFeAs

V/TaCoGe
TiNiGe

Zr/HfNiGe

Compound ∆Ehull orth
meV/atom phase

TaFeAs 33.03 yes
TaFeSb 0.00 no
NbFeAs 125.81 yes
NbFeSb 0.00 no
VFeSb 0.00 no
ZrCoAs 0.00 yes
ZrCoSb 0.00 no
WFeGe 64.34 no
NbCoGe 0.00 yes
HfCoAs 0.00 yes
TaCoSn 0.00 no
VCoSn 90.77 no
TiCoAs 0.00 yes
NbCoSn 0.00 no
TaCoGe 0.00 yes
VCoGe 0.00 yes
TaCoSi 91.47 yes
HfCoSb 0.00 no

Bhattacharya, GKHM J. Mater. Chem. C, 4, p11261 (2016)

30 / 36



Intrinsic defects

VB CB

Ef

-ΔμD

(1)

μeVBM
0

εg

(-1)

D'

ΔED'-D

D

(1)

(-1)

D'

D

-ΔED'-D

Compound ∆µD′ D′(q)

(eV)
NbCoSn -0.27 Co(3)

Int
TaCoSn -0.26 Co(2)

Int
VFeSb -0.18 Fe(2)

Int
NbFeSb -0.60 Fe(2)

Int
ZrCoSb -0.51 Sb(1)

Zr
HfCoSb -0.37 Co(2)

Int

No intrinsic doping limits

Bhattacharya, GKHM J. Mater. Chem. C, 4, p11261 (2016)
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Extrinsic doping

VB CB

Ef

-ΔμD

(1)

μeVBM
0

εg

(-1)

D'

ΔED'-D

D

(1)

(-1)

D'

D

-ΔED'-D

ED
f (µVB) D(q) ∆ED′−D D′(q)

(eV) (eV)

NbFeSb -0.01 Hf(−1)
Nb 1.20 Fe(2)

Int
0.09 Ti(−1)

Nb 1.10 Fe(2)
Int

0.21 Mn(−1)
Fe 0.72 Vac(2)

Fe
0.41 Zr(−1)

Nb 0.78 Fe(2)
Int

0.55 Sn(−1)
Sb 0.70 Fe(2)

Int

ZrCoSb 0.17 Sc(−1)
Zr 0.60 Sb(1)

Zr
0.61 Sn(−1)

Sb 0.35 Vac(1)
Co

0.61 Fe(−1)
Co -0.48 Vac(1)

Co

NbCoSn 0.32 Hf(−1)
Nb 0.50 Co(3)

Int
0.62 Fe(−1)

Co -0.15 Fe(2)
Int

0.68 Ti(−1)
Nb 0.14 Co(3)

Int
0.72 Zr(−1)

Nb 0.10 Co(3)
Int

TaCoSn 0.44 Hf(−1)
Ta 0.33 Co(2)

Int
0.87 Fe(−1)

Co -0.10 Fe(2)
Int

Known carrier inducing defects reproduced in NbFeSb and
ZrCoSb
A new system with favorable extrinsic dopants identified

Bhattacharya, GKHM J. Mater. Chem. C, 4, p11261 (2016)
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TE Heusler. Band structure.
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Bhattacharya, GKHM J. Mater. Chem. C, 4, p11261 (2016)
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p-type HHC: (V/Nb)FeSb
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